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Abstract. The presence of cosmological fluctuations influences the background
cosmology in which the perturbations evolve. This back-reaction arises as a second
order effect in the cosmological perturbation expansion. The effect is cumulative
in the sense that all fluctuation modes contribute to the change in the background
geometry, and as a consequence the back-reaction effect can be large even if the
amplitude of the fluctuation spectrum is small. We review two approaches used to
quantify back-reaction. In the first approach, the effect of the fluctuations on the
background is expressed in terms of an effective energy-momentum tensor. We show
that in the context of an inflationary background cosmology, the long wavelength
contributions to the effective energy-momentum tensor take the form of a negative
cosmological constant, whose absolute value increases as a function of time since
the phase space of infrared modes is increasing. This then leads to the speculation
that gravitational back-reaction may lead to a dynamical cancellation mechanism
for a bare cosmological constant, and yield a scaling fixed point in the asymptotic
future in which the remnant cosmological constant satisfies ΩΛ ∼ 1. We then discuss
how infrared modes effect local observables (as opposed to mathematical background
quantities) and find that the leading infrared back-reaction contributions cancel in
single field inflationary models. However, we expect non-trivial back-reaction of
infrared modes in models with more than one matter field.
1 Motivation
It is well known that gravitational waves propagating in some background
space-time affect the dynamics of the background. This back-reaction can be
described in terms of an effective energy-momentum tensor τµν . In the short
wave limit, when the typical wavelength of the waves is small compared with
the curvature of the background space-time, τµν has the form of a radiative
fluid with an equation of state p = ρ/3 (where p and ρ denote pressure and
energy density, respectively).
In most models of the early Universe, scalar-type metric perturbations
are more important than gravity waves. Here, we report on two studies of
the back reaction problem for scalar gravitational perturbations. The first
approach [1, 2] is based on defining an effective energy-momentum tensor τµν
which describes the back-reaction, and applying the results to an inflationary
background cosmology. The second approach [3] focuses on evaluating the
back-reaction of fluctuations on an observable measuring the local Hubble
expansion rate. Both studies are in the context of Einstein gravity coupled to
scalar field matter.
Our studies are closely related to work by Woodard and Tsamis [4, 5]
who considered the back-reaction of long wavelength gravitational waves in
pure gravity with a bare cosmological constant, and to work of Abramo and
Woodard [6, 7] who initiated the study of back-reaction of infrared modes on
local observables.
In the following, we first review the derivation of the effective energy-
momentum tensor τµν which describes the back-reaction of linear cosmolog-
ical fluctuations on the background cosmology (Section 2), and summarize
the evaluation of this tensor in an inflationary cosmological background (Sec-
tion 3). We find that contribution of long wavelength (i.e. super-Hubble-scale)
scalar metric fluctuations to τµν acts as a negative cosmological constant whose
absolute value increases in time since the phase space of infrared modes is in-
creasing. This gives rise to the speculations of Section 4 that back-reaction of
infrared modes may lead to a dynamical cancellation mechanism for the bare
cosmological constant. In Section 5 we address some major deficiencies in this
first approach to computing back-reaction. Many of these objections were first
raised by Unruh [8]. In Section 6 we then summarize the present status of an
improved approach to studying gravitational back-reaction based on the cal-
culation of corrections to an observable measuring the local expansion rate.
We find that the leading infrared back-reaction effects vanish in single matter
field models. However, based on results concerning the parametric amplifica-
tion of super-Hubble cosmological fluctuations during inflationary reheating
[9, 10, 11, 12] we argue that in multi-field models the back-reaction of infrared
modes will be important.
2 Framework
The method of analyzing gravitational back-reaction [1] based on the compu-
tation of an effective energy-momentum tensor for fluctuations is related to
early work on the back-reaction of gravitational waves by Brill, Hartle and
Isaacson [13], among others. The idea is to expand the Einstein equations to
second order in the perturbations, to assume that the first order terms satisfy
the equations of motion for linearized cosmological perturbations [14] (hence
these terms cancel), to take the spatial average of the remaining terms, and
to regard the resulting equations as equations for a new homogeneous metric
g
(0,br)
µν which includes the effect of the perturbations to quadratic order:
Gµν(g
(0,br)
αβ ) = 8piG
[
T (0)µν + τµν
]
(1)
where the effective energy-momentum tensor τµν of gravitational back-reaction
contains the terms resulting from spatial averaging of the second order metric
and matter perturbations:
τµν =< T
(2)
µν −
1
8piG
G(2)µν > , (2)
where pointed brackets stand for spatial averaging, and the superscripts indi-
cate the order in perturbation theory.
As analyzed in detail in [1, 2], the back-reaction equation (1) is covariant
under linear space-time coordinate transformations even though τµν is not
invariant 1. In the following, we will work in longitudinal gauge (see e.g. [14]
for a review of the theory of cosmological perturbations).
For simplicity, we shall take matter to be described in terms of a single
scalar field. In this case, there is only one independent metric perturbation
variable which we denote by φ(x, t), and in longitudinal gauge the perturbed
metric can be written in the form
ds2 = (1 + 2φ)dt2 − a(t)2(1 − 2φ)δijdxidxj , (3)
where a(t) is the cosmological scale factor. The energy-momentum tensor for
a scalar field is
Tµν = ϕ,µϕ,ν − gµν
[
1
2
ϕ,αϕ,α − V (ϕ)
]
. (4)
By expanding the Einstein tensor and the above energy-momentum tensor
to second order in the metric and matter fluctuations φ and δϕ, respectively, it
can be shown that the non-vanishing components of the effective back-reaction
energy-momentum tensor τµν become
τ00 =
1
8piG
[
+12H〈φφ˙〉 − 3〈(φ˙)2〉+ 9a−2〈(∇φ)2〉
]
+
1
2
〈(δϕ˙)2〉+ 1
2
a−2〈(∇δϕ)2〉
+
1
2
V ′′(ϕ0)〈δϕ2〉+ 2V ′(ϕ0)〈φδϕ〉 , (5)
and
τij = a
2δij
{
1
8piG
[
(24H2 + 16H˙)〈φ2〉+ 24H〈φ˙φ〉
+ 〈(φ˙)2〉+ 4〈φφ¨〉 − 4
3
a−2〈(∇φ)2〉
]
+ 4ϕ˙0
2〈φ2〉
+
1
2
〈(δϕ˙)2〉 − 1
6
a−2〈(∇δϕ)2〉 − 4ϕ˙0〈δϕ˙φ〉
− 1
2
V ′′(ϕ0)〈δϕ2〉+ 2V ′(ϕ0)〈φδϕ〉
}
, (6)
where H is the Hubble expansion rate.
1See [8], however, for important questions concerning the covariance of the analysis under
higher order coordinate transformations.
3 Application to Inflationary Cosmology
The metric and matter fluctuation variables φ and δϕ are linked via the Ein-
stein constraint equations, and hence all terms in the above formulas for the
components of τµν can be expressed in terms of two point functions of φ and
its derivatives. The two point functions, in turn, are obtained by integrating
over all of the Fourier modes of φ, e.g.
〈φ2〉 ∼
∫ ku
ki
dkk2|φk|2 , (7)
where φk denotes the amplitude of the k’th Fourier mode. The above expres-
sion is divergent both in the infrared and in the ultraviolet. The ultraviolet
divergence is the usual divergence of a free quantum field theory and can be
“cured” by introducing an ultraviolet cutoff ku. In the infrared, we will discard
all modes k < ki with wavelength larger than the Hubble radius at the be-
ginning of inflation, since these modes are determined by the pre-inflationary
physics. We take these modes to contribute to the background.
At any time t we can separate the integral in (7) into the contribution of
infrared and ultraviolet modes, the separation being defined by setting the
physical wavelength equal to the Hubble radius. Thus, in an inflationary Uni-
verse the infrared phase space is continually increasing since comoving modes
are stretched beyond the Hubble radius, while the ultraviolet phase space is
either constant (if the ultraviolet cutoff corresponds to a fixed physical wave-
length), or decreasing (if the ultraviolet cutoff corresponds to fixed comoving
wavelength). In either case, unless the spectrum of the initial fluctuations
is extremely blue, two point functions such as (7) will at later stages of an
inflationary Universe be completely dominated by the infrared sector. In the
following, we will therefore restrict our attention to this sector, i.e. to wave-
lengths larger than the Hubble radius.
In order to evaluate the two point functions which enter into the expressions
for τµν , we need to know the time evolution of the linear fluctuations φk, which
is given by the linear theory of cosmological perturbations [14]. On scales larger
than the Hubble radius, and for a time-independent equation of state, φk is
constant in time. The Einstein constraint equations relating the metric and
matter fluctuations give
φ˙+Hφ = 4piGϕ˙0 δϕ . (8)
If the background scalar field ϕ0 is rolling slowly, then ϕ˙0 ≃ − V ′3H , where a
prime denotes the derivative with respect to the scalar matter field. Thus,
δϕ = −2V
V ′
φ . (9)
Hence, in the expressions (5) and (6) for τµν , all terms with space and time
derivatives can be neglected, and we obtain
ρbr ≡ τ00 ∼=
(
2
V ′′V 2
V ′2
− 4V
)
< φ2 > (10)
and
pbr ≡ −1
3
τ ii
∼= −ρbr , (11)
The main result which emerges from this analysis is that the equation of
state of the dominant infrared contribution to the energy-momentum tensor
τµν which describes back-reaction takes the form of a negative cosmological
constant
pbr = −ρbr with ρbr < 0 . (12)
The second crucial result is that the magnitude of ρbr increases as a function
of time. This is due in part to the fact that, in an inflationary Universe, as
time increases more and more wavelengths become longer than the Hubble
radius and begin to contribute to ρbr.
How large is the magnitude of back-reaction? The basic point is that since
the amplitude of each fluctuation mode is small, we need a very large phase
space of infrared modes in order to induce any interesting effects. In models
with a very short period of primordial inflation, the back-reaction of long-
wavelength cosmological fluctuations hence will not be important. However, in
many single field models of inflation, in particular in those of chaotic inflation
type [15], inflation lasts so long that the infrared back-reaction effects can
build up to become important for the cosmological background dynamics.
To give an example, consider chaotic inflation with a potential
V (ϕ) =
1
2
m2ϕ2 . (13)
In this case, the values of φk for long wavelength modes are well known (see
e.g. [14]), and the integral in (7) can be easily performed, thus yielding explicit
expressions for the dominant terms in the effective energy-momentum tensor.
Comparing the resulting back-reaction energy density ρbr with the background
density ρ0, we find
ρbr(t)
ρ0
≃ 3
4pi
m2ϕ20(ti)
M4P
[
ϕ0(ti)
ϕ0(t)
]4
. (14)
Without back-reaction, inflation would end [15] when ϕ0(t) ∼ MP . Inserting
this value into (14), we see that if
ϕ0(ti) > ϕbr ∼ m−1/3M4/3P , (15)
then back-reaction will become important before the end of inflation and may
shorten the period of inflation. It is interesting to compare this value with
the scale ϕ0(ti) ∼ ϕsr = m−1/2M3/2P above which the stochastic terms in the
scalar field equation of motion arising in the context of the stochastic approach
to chaotic inflation [16, 17] are dominant. Notice that since ϕsr ≫ ϕbr (recall
thatm≪MP ), back-reaction effects can be very important in the entire range
of field values relevant to stochastic inflation.
4 Speculations Concerning a Dynamical Relaxation Mech-
anism for Λ
Since the back-reaction of cosmological fluctuations in an inflationary cosmol-
ogy acts (see (12)) like a negative cosmological constant, and since the magni-
tude of the back-reaction effect increases in time, one may speculate [18] that
back-reaction will lead to a dynamical relaxation of the cosmological constant
(see Tsamis & Woodard [4] for similar speculations based on the back-reaction
of long wavelength gravitational waves).
The background metric g
(0,br)
µν including back-reaction evolves as if the
cosmological constant at time t were
Λeff(t) = Λ0 + 8piGρbr(t) (16)
and not the bare cosmological constant Λ0. Hence we propose to identify (16)
with a time dependent effective cosmological constant. Since |ρbr(t)| increases
as t grows, the effective cosmological constant will decay. Note that even if
the initial magnitude of the perturbations is small, eventually (if inflation lasts
a sufficiently long time) the back-reaction effect will become large enough to
cancel any bare cosmological constant.
Furthermore, we speculate that this dynamical relaxation mechanism for Λ
will be self-regulating. As long as Λeff(t) > 8piGρm(t), where ρm(t) stands for
the energy density in ordinary matter and radiation, the evolution of g
(0,br)
µν
is dominated by Λeff(t). Hence, the Universe will be undergoing accelerated
expansion, more scales will be leaving the Hubble radius and the magnitude of
the back-reaction term will increase. However, once Λeff(t) falls below ρm(t),
the background will start to decelerate, scales will enter the Hubble radius,
and the number of modes contributing to the back-reaction will decrease, thus
reducing the strength of back-reaction. Hence, it is likely that there will be a
scaling solution to the effective equation of motion for Λeff(t) of the form
Λeff(t) ∼ 8piGρm(t) . (17)
Such a scaling solution would correspond to a contribution to the relative
closure density of ΩΛ ∼ 1.
5 Criticism and Open Issues
There are important concerns about the above formalism, and even more so
about the resulting speculations (some of these were first discussed in print in
[8]). On a formal level, since our back-reaction effect is of second order in cos-
mological perturbation theory, it is necessary to demonstrate covariance of the
proposed back-reaction equation (1) beyond linear order, and this has not been
done. Next, it might be argued that by causality super-Hubble fluctuations
cannot affect local observables. Thirdly, from an observational perspective
one is not interested in the effect of fluctuations on the background metric
(since what the background is cannot be determined precisely using local ob-
servations). Instead, one should compute the back-reaction of cosmological
fluctuations on observables describing the local Hubble expansion rate. One
might then argue that even if long-wavelength fluctuations have an effect on
the background metric, they do not influence local observables. Finally, it is
clear that the speculations in the previous section involve the extrapolation of
perturbative physics deep into the non-perturbative regime.
These important issues have now begun to be addressed. Good physical
arguments can be given [6, 7] supporting the idea that long-wavelength fluc-
tuations can effect local physics. Consider, for example, a black hole of mass
M absorbing a particle of mass m. Even after this particle has disappeared
beyond the horizon, its gravitational effects (in terms of the increased mass
of the black hole) remain measurable to an external observer. A similar ar-
gument can be given in inflationary cosmology: consider an initial localized
mass fluctuation with a characteristic physical length scale λ in an exponen-
tially expanding background. Even after the length scale of the fluctuation
redshifts to be larger than the Hubble radius, the gravitational potential asso-
ciated with this fluctuation remains measurable. On a more technical level, it
has recently been shown that super-Hubble scale (but sub-horizon-scale) met-
ric fluctuations can be parametrically amplified during inflationary reheating
[9, 10, 11, 12]. This clearly demonstrates a coupling between local physics and
super-Hubble-scale fluctuations.
These arguments, however, make it even more important to focus on back-
reaction effects of cosmological fluctuations on local physical observables rather
than on the mathematical background metric. This topic will be discussed in
the following section. The results of that analysis will then determine the
answer to the first of the concerns listed at the beginning of this section.
It is obvious that even in models in which the perturbative back-reaction
results of Sections 2 - 3 have locally measurable implications, the analysis
has to be extended beyond perturbation theory to justify the speculations of
Section 4. For some initial ideas in this direction, see [20, 21].
6 Back-Reaction on Local Observables
In this section we will be summarizing recent work [3] in which the lead-
ing infrared back-reaction effects on a local observable measuring the Hubble
expansion rate were calculated. Note that initial work on gravitational back-
reaction effects of infrared modes on local observables was done in [6, 7], using
different methods and a different observable than the one used below.
If we consider a perfect fluid with velocity four vector uα in an inhomo-
geneous cosmological geometry, the local expansion rate which generalizes the
Hubble expansion rate H(t) of homogeneous isotropic Friedmann-Robertson-
Walker cosmology is given by 13Θ, where Θ is the four divergence of u
α:
Θ = uα;α , (18)
the semicolon indicating the covariant derivative. In [3], the effects of cosmo-
logical fluctuations on this variable were computed to second order in pertur-
bation theory. To leading order in the infrared expansion, the result is
Θ = 3
a′
a2
(
1− φ+ 3
2
φ2
)− 3φ′
a
, (19)
where the prime denotes the derivative with respect to conformal time. If we
now calculate the spatial average of Θ, the term linear in φ vanishes, and - as
expected - we are left with a quadratic back-reaction contribution.
Superficially, it appears from (19) that there is a non-vanishing back-
reaction effect at quadratic order which is not suppressed for super-Hubble
modes. However, we must be careful and evaluate Θ not at a constant value
of the background coordinates, but rather at a fixed value of some physical
observable. For example, if we work out the value of Θ in the case of a matter-
dominated Universe, and express the result as a function of the proper time τ
given by
dτ2 = a(η)2(1 + 2φ)dη2 (20)
instead of as a function of conformal time η, then we find that the leading
infrared terms proportional to φ2 exactly cancel, and that thus there is no un-
suppressed infrared back-reaction on the local measure of the Hubble expansion
rate.
A more relevant example with respect to the discussion in earlier sections
is a model in which matter is given by a single scalar field. In this case, the
leading infrared back-reaction terms in Θ are again given by (19) which looks
different from the background value 3H . However, once again it is important
to express Θ in terms of a physical background variable. If we choose the value
of the matter field ϕ as this variable, we find after easy manipulations that,
including only the leading infrared back-reaction terms,
Θ(ϕ) =
√
3
√
V (ϕ) . (21)
Hence, once again the leading infrared back-reaction contributions vanish, as
already found in the work of [7] which considered the leading infrared back-
reaction effects on a local observable different than the one we have used, and
applied very different methods 2.
However, in a model with two matter fields, it is clear that if we e.g. use the
second matter field as a physical clock, then the leading infrared back-reaction
terms will not cancel in Θ, and that thus in such models infrared back-reaction
will be physically observable. The situation will be very much analogous to
what happens in the case of parametric resonance of gravitational fluctuations
during inflationary reheating. This process is a gauge artifact in single field
models of inflation [10] (see also [22, 23]), but it is real and unsuppressed in
certain two field models [11, 12]. In the case of two field models, work on
the analysis of the back-reaction effects of infrared modes on the observable
representing the local Hubble expansion rate is in progress.
7 Conclusions
We have summarized the present status of the work on the gravitational back-
reaction of cosmological fluctuations. In an inflationary background cosmol-
ogy, the perturbations generated during inflation are shown to contribute as
an effective energy-momentum tensor of the form of a negative cosmological
constant to the evolution of the background metric. In addition, the abso-
lute value of this induced cosmological constant grows in time since the phase
space of infrared modes is increasing. This leads to the intriguing speculation
that gravitational back-reaction of fluctuations may provide a dynamical can-
cellation mechanism for the cosmological constant, leaving behind a remnant
effective cosmological constant which at all sufficiently late times corresponds
to ΩΛ ∼ 1.
However, we have also shown that in single field models, the leading infrared
terms in the back-reaction equation cancel when calculating the local Hubble
expansion rate as a function of physical variables. We have argued why in
two-field models we do not expect this cancellation to persist.
Obviously, a lot more work is required in order to be able to extend the
present calculations, which show at - leading order in the cosmological per-
turbation expansion - the onset of dynamical relaxation of Λ, to higher orders
and to a full nonlinear argument.
Acknowledgements. The results summarized here are based on work done in
collaboration with R. Abramo, G. Geshnizjani and V. Mukhanov. I wish to thank
them for sharing their insights. I also wish to thank R. Abramo, A. Guth, A. Linde,
W. Unruh, N. Tsamis and in particular R. Woodard for important discussions which
heavily influenced the ideas presented in the last two sections of this contribution.
I also wish to thank the organizers of this Colloque for inviting me to present this
2For a different approach which also leads to the conclusion that there can be no back-
reaction effects from infrared modes on local observables in models with a single matter
component see [24].
work, and for their wonderful hospitality at the IAP. This work was supported in
part by the US Department of Energy under Contract DE-FG0291ER40688, Task
A.
References
[1] V. F. Mukhanov, L. R. Abramo and R. H. Brandenberger, Phys. Rev. Lett. 78,
1624 (1997) [arXiv:gr-qc/9609026].
[2] L. R. Abramo, R. H. Brandenberger and V. F. Mukhanov, Phys. Rev. D 56,
3248 (1997) [arXiv:gr-qc/9704037].
[3] G. Geshnizjani and R. Brandenberger, arXiv:gr-qc/0204074.
[4] N. C. Tsamis and R. P. Woodard, Phys. Lett. B 301, 351 (1993).
[5] N. C. Tsamis and R. P. Woodard, Nucl. Phys. B 474, 235 (1996) [arXiv:hep-
ph/9602315].
[6] L. R. Abramo and R. P. Woodard, Phys. Rev. D 65, 043507 (2002) [arXiv:astro-
ph/0109271].
[7] L. R. Abramo and R. P. Woodard, Phys. Rev. D 65, 063515 (2002) [arXiv:astro-
ph/0109272].
[8] W. Unruh, arXiv:astro-ph/9802323.
[9] B. A. Bassett, D. I. Kaiser and R. Maartens, Phys. Lett. B 455, 84 (1999)
[arXiv:hep-ph/9808404].
[10] F. Finelli and R. H. Brandenberger, Phys. Rev. Lett. 82, 1362 (1999) [arXiv:hep-
ph/9809490].
[11] B. A. Bassett and F. Viniegra, Phys. Rev. D 62, 043507 (2000) [arXiv:hep-
ph/9909353].
[12] F. Finelli and R. H. Brandenberger, Phys. Rev. D 62, 083502 (2000) [arXiv:hep-
ph/0003172].
[13] D. Brill and J. Hartle, Phys. Rev. 135, 1 (1964), B271-278; R. Isaacson, Phys.
Rev. 166, 2 (1968), 1263-1271 and 1272-1280.
[14] V. F. Mukhanov, H. A. Feldman and R. H. Brandenberger, Phys. Rept. 215,
203 (1992).
[15] A. Linde, “Particle Physics and Inflationary Cosmology” (Harwood, Chur 1990);
A. Linde, Phys. Scr. T36, 30 (1991).
[16] A. Starobinsky , in “Current Topics in Field Theory, Quantum Gravity and
Strings”, ed. H. J. de Vega and N. Sa´nchez, Lecture Notes in Physics Vol. 246
(Springer-Verlag, Berlin 1982.)
[17] A. S. Goncharov, A. D. Linde and V. F. Mukhanov, Int. J. Mod. Phys. A2,
561-591 (1987)
[18] R. Brandenberger, Brown preprint BROWN-HET-1180, contribution to the
19th Texas Symposium on Relativistic Astrophysics, Paris, France, Dec. 14 -
18, 1998.
[19] R. H. Brandenberger, in ‘COSMO-99’, ed. by U. Cotti et al, (World Scientific,
Singapore, 2000), arXiv:hep-th/0004016.
[20] N. C. Tsamis and R. P. Woodard, Annals Phys. 267, 145 (1998) [arXiv:hep-
ph/9712331].
[21] L. R. Abramo, R. P. Woodard and N. C. Tsamis, Fortsch. Phys. 47, 389 (1999)
[arXiv:astro-ph/9803172].
[22] M. Parry and R. Easther, Phys. Rev. D 59, 061301 (1999) [arXiv:hep-
ph/9809574].
[23] W. B. Lin, X. H. Meng and X. M. Zhang, Phys. Rev. D 61, 121301 (2000)
[arXiv:hep-ph/9912510].
[24] N. Afshordi and R. H. Brandenberger, Phys. Rev. D 63, 123505 (2001) [arXiv:gr-
qc/0011075].
